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Here we solve the semiclassical theory of superconducting multiterminal quantum dots biased at commen-
surate voltages. We observe that the parameter space defined by the contact transparencies and quartet phase
splits into two components with Berry phases ϕB = 0 or ϕB = pi . Consequently, the Floquet spectra are shifted
by half-a-period if ϕB = pi . Our numerical calculations demonstrate that this Berry phase spectral shift can be
measured from the quantum dot tunneling density of states.
The geometric phase is a general concept common to both
classical and quantum physics [1]. In a quantum system, the
wave function can accumulate a geometric phase, also called
Berry phase, following cyclic adiabatic evolution around the
phase space origin [2–6]. Over the years, the Berry phase has
been extensively studied both theoretically and experimen-
tally [5, 6] as it can provide deep insight on fundamental prob-
lems in qubits [7–10], topological insulators [11], skyrmions
[12], single and bilayer graphene [13–16], molecular physics
[17], Bose-Einstein condensates [18, 19] to cite but a few.
Recently, superconducting multiterminal devices have trig-
gered broad interest owing to many exotic phenomena uncov-
ered in these systems, like emergence of Majorana fermions
[20–22], topological states associated to zero-energy Andreev
Bound States (ABS) and Weyl singularities [23–27], or new
correlations among pairs of Cooper pairs so-called quartets
[28–32]. As a new kind of elementary process, the quartets
appear when the leads are driven by commensurate voltages
in a three-terminal geometry (see Fig. 1) and occur as the
differential resistance features [30, 32] theoretically predicted
in Ref. 28. Moreover, in the case of superconducting quan-
tum dots (QD), we have lately demonstrated that the non-
trivial ABS time-periodic dynamics yields sharp resonances
in the Floquet energy spectrum [33, 34]. Interestingly, these
Floquet-Wannier-Stark (FWS) ladders in the presence of quar-
tets exhibit Landau-Zener-Stu¨ckelberg interference patterns
[34–36].
In this Letter, we present analytical calculations of the FWS
ladder spectrum in superconducting multiterminal QD, in the
limit of small dc voltage bias. In this limit, we can use the
semiclassical approximation, which shows that the FWS spec-
trum is controlled by the value of a Berry phase. We find that
a non-trivial Berry phase ϕB = pi can develop under commen-
surate voltage biasing on the quartet line. We obtain the Bohr-
Sommerfeld quantization condition by matching the semiclas-
sical wave-functions between the different pieces of the clas-
sical trajectories in phase space. We use the quartet phase and
superconducting contact transparencies as a parameter space
which is divided in two regions with ϕB = 0 and ϕB = pi , sep-
arated by a hypersurface on which the gap closes between the
dynamically generated Andreev bands. Finally, we confirm
our analytical theory by obtaining evidence for the character-
istic half-a-period spectral shift in the FWS ladder spectrum
for ϕB = pi , from a numerical calculation of the quantum dot
tunnel density of states.
After eliminating the superconducting leads, the Floquet
theory of the time-periodic Bogoliubov-de Gennes equations
produces an effective one-dimensional (1D) tight binding
model for the two-component Nambu spinors Ψm describing
the part of the wave-function located on the dot (see section
II A in the Supplemental Material [37]). The integer m on this
1D chain labels the Fourier harmonics, and the Andreev pro-
cesses produce hopping between sites m and m± 2. The 1D
Bogoliubov-de Gennes equations take the form
M0(m)Ψm−M+(m+1)Ψm+2−M−(m−1)Ψm−2 = 0. (1)
The off-diagonal terms in m are second order Andreev re-
flection processes between the dot and the reservoirs, which
explains why m is coupled to m± 2. The matrices M0(m)
and M±(m) are provided in section II B of the Supplemental
Material [37]. They explicitely depend on the quasiparticle
Floquet energy E, but only via the combination E + mω0,
where ω0 = eV/h¯. This allows us to interpret Eq. (1) as the
Schro¨dinger equation for a 1D Floquet tight-binding Hamil-
tonian which contains a fictitious uniform electric field ω0,
related to the energy −mω0 of the Cooper pairs transmitted
by Andreev reflection in the superconducting leads. For such
tight-binding models [38, 39], the energy spectrum consists of
several Wannier-Stark ladders, each containing equally spaced
levels separated by h¯ω0. In addition, for the superconducting-
QD of interest, the Floquet states are connected by multiple
Andreev reflections to the superconducting quasiparticle con-
tinua in the leads, if |E +mω0|> ∆ (with ∆ the superconduct-
ing gap). This provides a finite life-time (or equivalently a
finite spectral width) to the FWS resonances [33, 34].
In a three-terminal superconducting-QD, the condition for
emergence of quartets is set by commensurate voltage biasing
(Va ,Vb,Vc) = (V,−V, 0) on the superconducting leads Sa, Sb
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FIG. 1. (a) A superconducting three-terminal QD biased on the quar-
tet line at voltages Va,b = ±V and Vc = 0, with in addition a tunnel-
contacted normal lead to probe the quantum dot density of states. (b)
The values of (ϕa(t),ϕb(t)) during one period of Josephson oscilla-
tions. Commensurate bias voltage implies that (ϕa,ϕb) encloses a
cycle on a two-dimensional torus.
and Sc [28]. The matrices M0(m) and M±(m) no longer de-
pend on m in the “classical” limit V = 0. We can then use
Bloch theorem to solve Eq. (1), which produces plane-wave
solutions Ψm = exp(ikm/2)Ψ. The wave vector k appears as
a free parameter and it can be physically interpreted by not-
ing that the adiabatic approximation for the time-dependent
problem becomes exact if V → 0. These plane-wave so-
lutions correspond to the quasiparticle operators for static
Bogoliubov-De Gennes Hamiltonians with the superconduct-
ing order-parameter phases given by
ϕ j(k) = ϕ j + s jk, (2)
where s j =±1, 0 according to the voltage Vj =±V, 0 on lead
S j. The doublet of ABS bands has then energy dispersion
relation E = ±EA(k), which is a 2pi-periodic function of the
analogous wave-vector k. A more detailed discussion of this
dispersion relation, including self-energy corrections due to
the reservoirs, is given in section III A 1 of Supplemental Ma-
terial.
A small bias voltage V plays formally the role of Planck’s
constant h¯ in the Wentzel–Kramers–Brillouin (WKB) approx-
imation [40]. The classical limit h¯→ 0 in standard quantum
mechanics corresponds to eV/∆→ 0 in superconducting-QD.
The semiclassical approximation for eV ∆ in superconduct-
ing junctions was pioneered by Bratus’ et al. [41]. In this
approximation, the wave-vector k has slow variations with m,
which can be conveniently replaced by the continuous vari-
able ξ = mω0. The relation between ξ and the local wave-
vector k is the following:
E +ξ = σEA(k), (3)
where σ = ±1 labels the two Andreev subbands. This equa-
tion is demonstrated from semiclassical theory in section
III A 1 of the Supplemental Material [37]. In Eq. (3), the to-
tal energy E is the sum of the “kinetic term” σEA(k) arising
from the ABS dispersion relation, and the “potential term”
−ξ resulting from dc-voltage biasing. Here, the (ξ ,k) vari-
ables are seen as the equivalent position-momentum phase-
space of a fictitious spin-1/2 particle. For a given choice of
Γa/∆=0.4 Γb/∆=0.2, Γc
(a,b)/∆=0.25, ϕq/2pi=0.1
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FIG. 2. Classical trajectories: The figure shows the classical trajec-
tory TE,±, together with the tunneling paths, i.e. the four complex
solutions kα of Eq. (3) for a given each value of E + ξ . In these
plots, we use the complex variable λα = exp(ikα ). Panels [(a), (c)]
and [(b), (d)] show respectively log10 |λα | and arg(λα )/2pi on x-axis.
The y-axis on each panel features E+ξ normalized to the gap ∆. The
dispersion relation EA(k) (in magenta) has two local minima and two
local maxima N (a,b) = 2 in panel (b), as k varies in the interval
−pi < k < pi . Panel (d) corresponds to a single local minimum and
maximumN (c,d) = 1. The color-code is explained in the text.
E and σ , Eq. (3) defines a curve TE,σ in this (ξ ,k) plane,
which we call the “classical trajectory” in phase space. If k is
used as parameter, Eq. (3) implies that ξ (k) is simply given
by the ABS dispersion relation, up to a shift of ξ by −E. In
the time-dependent picture, we have k = ω0t, and ξ is a peri-
odic function of time, as expected for Bloch oscillations in the
solid-state analog [33, 34].
Because of Heisenberg’s uncertainty principle, a small bias
voltage induces quantum fluctuations ∆ξ ∆k ∼ eV around
the classical trajectories, and also produces Landau-Zener-
Stu¨ckelberg transitions between the two Andreev bands. In
the semi-classical approximation, Landau-Zener tunneling is
captured by paths connecting both classical trajectories TE,+
and TE,−. Along these tunneling paths, ξ is still a real num-
ber but k becomes complex, as it is expected for evanescent
wave-functions in tunneling processes.
The classical trajectories and the tunneling paths are dis-
3played in Fig. 2. Two representative sets of parameters are
used in Figs. 2 (a)-(b) and Figs. 2 (c)-(d), differing by the
value of Γc/∆ [i.e. Γ
(a,b)
c /∆ = 0.25 on panels (a), (b) and
Γ(c,d)c /∆ = 0.8 on panels (c), (d)], all other parameters be-
ing the same for all panels [i.e. Γa/∆ = 0.4, Γb/∆ = 0.2
and ϕq/2pi = 0.1]. Here, Γ j = J2j /W stands from the con-
tact transparency between the dot and superconducting reser-
voir j, where J j is the corresponding tunnel amplitude and W
the band-width. The variable ϕq = ϕa +ϕb−2ϕc denotes the
time-independent quartet phase.
On all panels (a)-(d) of Fig. 2, the y-axis is E + ξ [see
Eq. (3)]. On x-axis, panels (a) and (c) feature log10 |λα | and
panels (b) and (d) show arg(λα)/2pi , where λα = exp(ikα).
The magenta curves on Fig. 2 (a)-(d) correspond to ξ and k
taking real values, thus with log10 |λα |= 0. On panels (b) and
(d), the magenta data-points coincide with the ABS disper-
sion relations ±EA(k)/∆. The |E + ξ | > ∆ branches in green
on Figs. 2 (a)-(d) have complex k values, due to the coupling
of the dot level to the quasi-particle continua above the su-
perconducting gap in the leads. The tunneling paths between
the two ABS are shown in blue. Those between the ABS and
quasiparticle branches are shown in orange. The tunneling
paths connecting the two continua at energies E + ξ < −∆
and E +ξ > ∆ are shown in yellow on panels (c) and (d).
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FIG. 3. (a) Ternary diagram for the number of minima in EA(k):
the domain in parameter space in which the dispersion relation for
N = 1 and 2 minima is shown in blue and red respectively, for
ϕq/2pi = 0.2. (b) Ternary diagram for the gap closing condition: The
nodal lines, displayed in magenta and calculated for ϕq/2pi = 0.2,
represent the values of the parameters for which the gap between
the two Andreev bound state bands vanishes [see Eq. (7)]; below
these two lines, the Berry phase takes the value ϕB = pi . The smaller
shaded inner triangle shows all the possible values of the nodal lines
when 0 < ϕq/2pi < 1.
The numberN of local minima and maxima in the disper-
sion relation EA(k) changes from N (a,b) = 2 to N (c,d) = 1
as Γc/∆ increases from Γ
(a,b)
c /∆ [panels (a), (b)] to Γ
(c,d)
c /∆
[panels (c), (d)]. The values N = 1, 2 coincide with the
number of tunneling loops between the two Andreev bands.
Indeed, two or a single tunneling loop can be visualized
in blue on Fig. 2 (a) or Fig. 2 (c). The jump in N de-
fines a hypersurface in the 3-dimensional parameter space
(Γa/Γc, Γb/Γc, ϕq), separating the two regions with N =
1, 2. A representative constant-ϕq section of this parameter
space is shown in Fig. 3 (a). More details on the determina-
tion of N and of the boundary between N = 1 and N = 2
regions in parameter space are given in section III A 3 of the
Supplemental Material.
The semiclassical theory provides analytical predictions for
the FWS ladder energies at low voltage. ConsideringN = 1
[as in Fig. 2 (c), (d)], the Bohr-Sommerfeld quantization rule
takes the form1− (−1)wei 2pi〈ξ 〉−2ω0
1+(−1)wei
2pi〈ξ 〉−
2ω0
×
1− (−1)wei 2pi〈ξ 〉+2ω0
1+(−1)wei
2pi〈ξ 〉+
2ω0
=−|λ |2
4
,
(4)
which is the main result of the Letter. This equation is demon-
strated in section III B 2 of the Supplemental Material [37].
In Eq. (4), 〈ξ 〉σ =
∫ pi
−pi
dk
2pi ξσ (k), where (ξσ (k),k) lies on the
classical trajectory TE,σ , with −pi < k < pi , and σ = ±. The
parameter λ corresponds to the Landau-Zener tunneling am-
plitude along the unique complex k-path connected to the two
ABS bands [see the blue lines in panels (c) and (d) of Fig. 2].
It is exponentially small in ∆/eV , thus |λ |< 1.
Here ϕB ≡ wpi is the Berry phase, where the winding num-
ber w is an integer. It originates from matching the two-
component semi-classical wave-function χ(ξσ (k)) as k goes
from −pi to pi . The following expression for χ(ξσ (k)) is
demonstrated in Appendix A of the Supplemental Material
[37]:
χ(ξσ (k)) =
[
σ exp
(
i
α(k)
2
)
,exp
(
−iα(k)
2
)]T
. (5)
Here, α(k) is the argument of the complex number Γ(k) de-
fined as Γ(k) = Γaei(ϕa−k) + Γbei(ϕb+k) + Γceiϕc . As k runs
from −pi to pi , Γ(k) describes an ellipse E around the origin
of the complex plane. The winding number w is defined as
α(pi)−α(−pi) = 2piw. (6)
Correspondingly, the pseudo-spin associated to the Nambu
spinor χ(ξσ (k)) performs w turns around the equator on the
Bloch sphere, which induces a Berry phase ϕB ≡ wpi [4]. The
appearance of Berry phases in multi-component WKB equa-
tions has been pointed out by many authors, both in the math-
ematics [42] and in the physics [43, 44] communities. In the
present problem, ϕB is actually quantized and it takes only
two values modulo 2pi . This specific feature arises from the
physics of Andreev reflection, which converts holes into elec-
trons and conversely. The effective Zeeman magnetic field
acting on the Nambu spinor χ(ξσ (k)) is constraint to lie in
the XY plane.
We have ϕB = 0 when the origin of the complex plane is not
inside the ellipse E , and ϕB =±pi otherwise. This implies that
ϕB jumps from 0 to pi , precisely at the point in parameter space
where the minimum over k of |Γ(k)| vanishes. If Γa 6= Γb
or ϕq 6= 0 mod. 2pi , the gap closes on at least one k-point,
defining the “nodal line” for
Γ(0)c =
|Γ2a−Γ2b|√
Γ2a +Γ2b−2ΓaΓb cosϕq
. (7)
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FIG. 4. Tunnel spectroscopy of the Berry phase: The figure features the logarithm of the local density of states on the quantum dot (in
colorscale) as a function of inverse voltage ∆/eV (x-axis) and tunnel probe bias voltage eVtun/∆ (y-axis). The Berry phase is ϕB = 0 on panel
(a), and ϕB = pi on panel (b). The tunnel spectra reveal the Floquet-Wannier-Stark ladders, and they are compared to the tilted white lines
which correspond to w = 0 in Eq. (8). The half-a-period shift appearing on panel (b) is signature of nontrivial Berry phase ϕB = pi , while
ϕB = 0 for the nonshifted tunnel spectrum on panel (a). The three-terminal superconducting-QD has Γa/∆= 0.4, Γb/∆= 0.2 and ϕq = 0, with
(a) Γc/∆= 0.6 and (b) Γc/∆= 0.3.
This relation is illustrated on Fig. 3 (b). Eq. (7) is demon-
strated in section III A 1 of the Supplemental Material. Inter-
estingly, we always have ϕB ≡ pi in the two-terminal case, so
that the third terminal biased at zero voltage is necessary in
order to observe the jump of the Berry phase from pi to 0.
Now, we treat the |λ | → 0 limit of decoupled FWS ladders.
Then, one of the two factors has to vanish in Eq. (4), which im-
plies 〈ξ 〉σ = (2n+w)ω0, with n an integer. Averaging Eq. (3)
over k, the resulting Bohr-Sommerfeld quantization condition
E = σ〈EA〉− (2n+w)ω0 (8)
is the semiclassical expression of the FWS energies for two
independent ladders, one for each value of σ (see the demon-
stration in section III C of the Supplemental Material). An odd
winding number w produces half a period shift of the FWS
spectrum compared to w = 0.
These results raise the question of the possible experimen-
tal observation of these effects. Recently, we have shown that
finite frequency noise measurements provide an experimental
access to differences En−En′ between two FWS quasi-energy
eigenvalues [34]. This is interesting to evidence level repul-
sion induced by Landau-Zener-Stu¨ckelberg inter ladder tun-
neling processes, but this noise spectroscopy is not sensitive to
the global shift of the FWS spectrum induced by Berry phase
jumps. Therefore, we propose to perform tunnel spectroscopy
on the quantum dot [see Fig. 1(a)]. The differential dc-tunnel
conductance through the dot directly probes the FWS ladder
density of states (see section II C in the Supplemental mate-
rial). Fig. 4 shows two tunnel spectra, one for ϕB = 0 [panel
(a)], and the other one for ϕB = pi [panel (b)]. The global shift
associated to a Berry phase jump is clearly visible in Fig. 4
while comparing in both cases the numerical tunnel spectra
to the tilted reference white line corresponding to w = 0 in
Eq. (8).
To conclude, we have shown that, in superconducting mul-
titerminal QD, a non-trivial Berry phase ϕB can appear on the
5quartet line. Our semiclassical calculations demonstrate that
the parameter space splits into two regions with ϕB = 0 or
ϕB = pi , separated by a hypersurface on which the gap be-
tween the Andreev bands closes. The value of the Berry phase
can be measured by the tunnel density of states of the quan-
tum dot, revealing the predicted half-a-period spectral shift if
ϕB = pi , as compared to ϕB = 0. Our prediction should thus
be observable from tunnel spectroscopy measurements.
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